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1. INTRODUCTION 
Consider the nonlinear difference equation 
Amx,-l + af(n, xv+,) = 0, n E No, (1.1) 
where m 2 2, u = +l or u = -1, and f : NO x R ---) R is a real-valued continuous function such 
that 
f(n,x) 10, for all (n, x) E NO x (0, oo), (1.2) 
whereNo={O,l,...}. 
It is well known [l-3] that if {xn} is a positive solution of (l.l), then there exists an integer k 
such that 0 5 k 5 m, (-l)m-k-‘a = 1, and 
A”xc, 2 0, n>no, O<i<k-1, 
(-l)“-“Ais, 2 0, n 1 no, k 5 i 5 m, (1.3) 
for some sufficiently large no 2 0. Denote by E and ,?&, respectively, the set of all eventually 
positive solutions of (1.1) and the set of all eventually positive solutions of (1.1) satisfying (1.3). 
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Then the above observation means that E has the decomposition 
E = El u E3 u . . . u E,-1, for D = +l and n even, 
E = E0 u E2 u ‘. . u E,-1, for r= +l and n odd, 
E = E,, u E2 u...u E,, for o = -1 and n even, 
E=EluE,u...uE,, for 0 = -1 and n odd. 
(1.4) 
In what follows, our attention will be restricted to the classes Ek with k such that 
O<k<m and (-l)m-“-la = 1. (1.5) 
If x E EI, for such a k, then, in view of (1.3), there are positive constants a > 0, b > 0, and 
ni > no such that 
ankml 5 x, 5 bnk, n 2 nl, (1.6) 
and exactly one of the following three cases occurs: 
lim Akxn = const > 0; 
n-boo 
lim Akxn = 0 and lim A”-lz 12 = +oo; 71’00 n-+00 
,Jirnm Akblx, = const > 0. 
(1.7) 
(1.8) 
(1.9) 
This suggests a further decomposition of Ek, 
,?& = Ek [max] U Ek[int] U Ek[min], 
where Ek [max], & [int], and Ek [min] denote the sets of all x E & satisfying (1.7), (1.8), and (1.9), 
respectively. 
Recently, Li et al. [4] h ave obtained conditions guaranteeing the Ek to be nonempty subject 
to the assumption that the nonlinear term f(n,x) is nonincreasing in x E (0,oo). However, 
when f (n, x) is nondecreasing in x E (0, oo), only particular cases, such as m = 2 or m is odd, 
have been discussed in [3,5-g]. The objective of this paper is to consider (1.1) in which f(n, x) is 
nondecreasing in x and to give a characterization for each & with k < m in (1.4) to be nonempty. 
A prototype of the equations to be studied is the Emden-Fowler equation 
A2z,-1 + qnx; = o, (1.10) 
A2x,-1 - qnx;I. = o, (1.11) 
where q,, 2 0 for n 2 0 and y > 0. In the continuous case, i.e., 
XV) + of@, 4dt))) = 0, (1.12) 
a systematic study of the asymptotic behavior of (1.12) has been done by Kusano and Naito [lo], 
Kusano and Singh [ll], Li [12,13], Li and Zhong [14], and Nishihara [15]. 
2. MAIN RESULTS 
In this section, we consider equation (1.1) in which f( n x is nondecreasing in x and establish , ) 
conditions for this equation to possess positive solutions of class & for k satisfying (1.5). Before 
stating our results, we need the following result, which can be considered as a discrete analogue 
of Schauder’s theorem. Its proof was given in a paper by Cheng and Patula [5, Theorem 3.51. 
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LEMMA. Let K be a closed and convex subset of I”. Suppose T is a continuous map such 
that T(K) is contained in K, and suppose further that T(K) is uniformly Cauchy Then T has 
a fixed point in K. 
THEOREM 1. In addition to (1.2), assume that f(n,z) is nondecreasing or nonincreasing in 
x E (0,oo) for each fixed n 2 no. Let k be an integer satisfying (1.5). Then, equation (1.1) has 
a positive solution of class Ek [max] if and only if 
Cnm-k-1 f (n, c(n - T)“) < +co, for some c > 0. (2.1) 
n=O 
PROOF. For the case where f(n, x) is nonincreasing in x E (0, co), it is proved in [4]. Now we 
will consider the case where f(n, z) is nondecreasing in x E (0, oo). 
NECESSITY. Suppose that (1.1) has a positive solution &[max] for some k < m. Then (1.3) 
holds for all sufficiently large n 2 no 2 0. Hence, limn+oo A”x,, = c > 0. Since Ak+lx, 5 0 
and {Akx,} is nonincreasing, Alex, 2 c > 0 for n 2 no. Summing the inequality A’x, 2 c, we 
see that x, 2 urnk, n 1 nr 2 no, for some constant al > 0, so that 
En-, 1 al(n - T)k, 
for n 2 nr + T = nz. Since limn+.oo Akx, = c > 0, then 
(2.2) 
lim Ak+ix, = 0, 
n-+00 
i = 1,2, . . . , m - k. (2.3) 
By means of (l.l), we have 
-Ak+lx, = 2 2 . . . 
2 f (6k-l, %,-~-1--r) 
il=n iz=i1 im--k-1=im--b-2 
=g (i-n-+1)...(i-n+m-k-2)f(. _ ) 
(m - k - 2)! 2,xi T , i=Tl 
for n 2 nl. Summing the above equality, in view of the nondecreasing property of f, we see that 
O” (i-nl-+l)...(i-nl+m-k-1) 
co > A”xn, - C = c 
(m - k - l)! f (4 G-7) i=n1 
00 
L (m - : - l)! 2m!k-1 i=2nl 2 c 
--k-lf(i, x+) 
> (m - : - l)! 2”1k-1 i=2nl 2 If? 
-k-if (i, Ul(i - T)“) ) 
which implies that (2.1) holds. 
The proof sufficiency is similar to that of Theorem 1 in [4]. We list it here for the sake of 
completion. Suppose that (2.1) holds for some c > 0. Choose N so large that N 2 r and 
Let us introduce the linear space X of all real sequences {xn}F& such that 
(2.4) 
sup m < +oo. 
n~7 n 
k 
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It is not difficult to see that X endowed with the norm 
IIXII = sup !?J 
nk ’ n>r 
x = (2,) E x, 
is a Banach space [8]. Define a subset Q of X as follows: 
R={zEX:cnk~x,52c7zk, n>r}. 
Then R is a bounded, convex, and closed subset of X. Let us further define an operator T : R -+ X 
as follows: 
(TX), = $ nk + ne imfj1 . . . im-c-1 H(im-k), n 2 N, 
i,-l=N i,e.2=N i,,-,pN 
P’xL = O”X)N, TIn<N, 
where 
H(n) = 2 (i - n + 1) . . . (i - n + m - k - 1) f(i, xi--r) 
i=n (m - k - l)! 
The mapping T satisfies the following: 
(a) T maps R into 0. Indeed, if 2 E R, then 
3c 
(TX), > - nk 2 cnk, 
2 
for n 2 7. 
Furthermore, by (2.4), we also have 
(T~),<gn*+(~kfi)~ 2 (i-N+l)~..(zk_Nlfrm-k-l)f(i,zi-~) 
i=N 
m 
(b) T is continuous. To see this, letting 6 > 0, we can choose M > N so large that 
O” 
c 
(i - M + 1) * * . (i - M + m - k - 1) f ci, c(i _ +> < E. 
i=M (m - k - l)! 
Let {x(v)} be a sequence in R such that limV+oo ]Jz(“) - x]] = 0. Since R is closed, x E R. 
Furthermore, for all large w, 
+ nk 2 (2 - M + “(m ‘” ,_“,; m-k-1) 
i=M 
f(. .,-)I 
2, xp; 
+nk 2 (i-M+l);;+-_M1;;m-W f(i,xq 
i=M 
<_ 3nkc 
This shows that liml,, [(TX” - Txll = 0; i.e., T is continuous. 
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(c) TS2 is uniformly Cauchy. Note that when t > n 2 N, 
(Tz)t (TX), --- 
t” nk i,-k=N 
Since 
and 
Gn--k+1-1 
** c H(im-k) 
i,-k=N 
= ; c c ... c H(i&) 
i,-l=N i,-z=N i,-k=i’! 
yfl . . . im-F-lH(i,-k) 
i,-l=N i,.w,=N i,-k=N 
i,-1-l kn-k+l-1 
c . . . c 
i,-l=N i,+z=N i,-k=N 
H(&n-k) 
y1 . . . y1 H(im-k) 
i,el=n i,,--2=N i,,-k=N 
i,-l=N i,m2=N i,-k=N 
t-1 &-1-l L--k+1-1 
c c **. c H(Gn-k) 
lim 
im--l=n i,-z=N i,,,-k=N 
t+m tk 
) 
n-1 &-l-l k,-k+l-1 
c c ... c H(&n-k) 
lim 
i,-l=N i,,,-z=N i,-k=N 
71+00 nk ’ 
hence, for any E > 0, there exists an integer Nc 2 N such that for t > n 2 N, 
f E imff1 . . ,im-~-lH(i,-k) < f, 
I,,,-~=n i,-,=N i,-b=N 
and 
Therefore, 
y1 . . . im-E-1 H(im-k) < f, 
i,-l=N i,,,-z=N i,-k=N 
PWt W)n ----&- -cc, t” 
for all t > n 1, No. This means that Tfl is uniformly Cauchy. 
In view of the lemma, we see that there exists an Z* E 0 such that Tz* = x*. It is easy to see 
that {z:} is a positive solution of (1.1). Furthermore, by applying the Stolz theorem, 
i,-1-l 
lim 4 nc C 
im-k+l-1 
12+x n ... c H(i,,+k) 
i,-l=N i,ez=N i,-k=N 
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Thus, 
Also, limn-,oo A” 2: = (3c/2) k!. The proof-is complete. 
Similarly, we can prove the following theorem. 
THEOREM 2. In addition to (1.2), assume that f(n, z) is nondecreasing or nonincreasing in 
x E (0, oo) for each fked n 2 no. Let k be an integer satisfying (1.5). Then, equation (1.1) has 
a positive sohrtion of ck%s Ek [min] if and only if 
F nmmkf (n, c(n - T)“-‘) < +cx3, 
n=O 
for some c > 0. (2.5) 
THEOREM 3. In addition to (1.2), assume that f (n, x) is nondecreasing or nonincreasing in 
x E (0, oo) for each fixed n 2 no. Let k be an integer satisfying (1.5). Then, equation (1.1) has 
a positive solution of ckss Ek [int] if 
2 rim-k-l f (n, a(n - T)"-') < fco, 
n=O 
for some a > 0, c-59 
and 
F nmekf (n, b(n - T)“-‘) = +co, 
n=O 
for every b > 0. (2.7) 
PROOF. For the case where f(n, x) is nonincreasing in x E (0, oo), it is proved in [4]. Next we 
consider the case where f(n, x) is nondecreasing in x E (0, co). 
Suppose that (2.6) holds for some a > 0. As in the proof of Theorem 1, we see that there exist 
an integer N 2 r and sequence.{xz} such that 
and 
x;+“-‘+ nc 
&-l-l Gn--k+1-1 
C . . . c G(L-k), n L N, 
i,-l=N i,,,-2=N i,-k=h’ 
where 
G(n) =2 ci - n + ‘);; ‘i ;-” ;I” - Ic - ‘) f (i,~;-~) . 
i=n 
Then, by means of the theorem of Stolz, we may show that 
= lim 3” ’ 
n-1 
- + lim xG(i) 
n-00 2 (k - l)! n+m i=N cw 
= JlmG(n) = 0. (2.9) 
and 
Since (2.8) and (2.9) imply that A”-‘xz > 0 and AkxE > 0, then {A”-lx:} either converges to 
some positive limit or diverges to 00 as n -+ 00. Assume that the first case holds. Then, this 
means that x* E Ek[min], and so (2.5) holds by Theorem 2. But this contradicts assumption (2.7). 
The proof is complete. 
Necessary conditions for the existence of &[int] solutions of (1.1) are given in the following 
theorem. 
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THEOREM 4. III addition to (1.2), assume that f( n z is nondecreasing in CC E (0, co) for each , ) 
fIxed n 1 no. Let k be an integer satisfying (1.5). If equation (1.1) has a positive solution of 
&ss & [int], then 
2 rim-k-l f (n, a(n - 7,“-‘) < +oo, 
n=O 
for every a > 0, (2.10) 
and 
en”-kf(n,b(n-r)k) =+oo, foreveryb>O. 
n=O 
(2.11) 
PROOF. Let {zn} be a positive solution in &[int] so that 
lim Akx, = 0 and lim A”-‘x n = co. n+DcI 71’00 
(2.12) 
For any a > 0 and b > 0, there exists nr 2 0 such that 
X,Lh” and x, 2 ank-‘, 722721, 
which, in view of the nondecreasing property of f (n, x), implies that 
f (n, G-,) I f (n, b(n - T)“) , 
f (n, x,-,) 2 f (n, 4n - 71ke1) , 
for n > n1 + T = n2. Similar to that of Theorem 1, we see that (2.10) holds. 
Next, we will prove that (2.11) holds. Note first that (2.12) holds. Then 
lim Akx, = . .. = lim Am-lx, = 0. 
7L’cc n-cc 
Thus, by summing (1.1) successively, we obtain 
Akx, = (-l)m-k+’ c O” (i-n+I)...(i-n+m-k-1) f(i x,- ) 
(m - k - l)! , 2 7, i=?l 
for n 2 n2. Summing again, we have 
n-l co 
Ak-lx n - Ak-lx 712 = (q-k+1 C C (j - +l) ‘;;(;;t-+l; - ' - I) f(j,xi-,) 
i=nz j=i 
I 2 G-n+l)(m+;+-k) f(i,xi--7), 
i=TQ 
which, in view of lim,,, Ak-‘x, = cc and f (n, x,-,) I f (n, b(n - T)~), implies 
2 n”+‘f (n, b(n - T)“) = co, 
for every b > 0, and hence, 
2 nmekf (n, b(n - 7)“) = co, 
n=o 
for every b > 0. This shows that (2.11) holds. The theorem is proved. 
If f (n, x) is increasing in x, then we have the following result, which has been proved by Li et 
al. [4]. 
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THEOREM 5. (See 141.) In addition to (1.2) assume that f( 72, z ) is nonincreasing in z E (0, oo) for 
each fixed n 2 no. Let k be an integer satisfying (1.5). If equation (1.1) has a positive solution 
of class Ek [int], then 
5 m-k-1f (n, a(n - 7)“) < +oo, 
n=O 
for every a > 0, (2.13) 
and 
hold. 
Fn”-“f(n,b(n-7)k-1) =+oo, foreveryb>O, 
n=O 
REMARK 1. In paper [4] there is a misprint; i.e., condition (2.10) of [4] should be the above 
condition (2.13). 
REMARK 2. Theorems 3-5 give some sufficient or necessary conditions for (1 .l) to have a positive 
solution of Ek[int]. Whether there exist sufficient and necessary conditions for (1.1) to have a 
positive solution of &[int], this problem seems difficult for general equation (1.1) and remains 
an open problem for further study. 
OPEN PROBLEM. Give a sufficient and necessary condition for (1.1) to have a positive solution 
of Ek [int]. 
Next, we will give a sufficient and necessary condition for a special equation to have a positive 
solution Ek [int]. 
From Theorems 3 and 4, a characterization for Ek[int] # 4 can be derived for a special class 
of equations of the form 
Am+, + qw$(xn-~) = 0, n 1 0, (2.14) 
where 7 2 0, p, 2 0 for n 2 0, and 4 : (0, oo) + (0, oo) is continuous and 4(z) is nondecreasing. 
THEOREM 6. Consider (2.14) subject to the condition 
lim 4(x) > 0, 
2’ 0 
4(x) is nondecreasing, (2.15) 
and let k be an integer satisfying (1.5). Then, equation (2.14) h as a positive SohJtion in Ek[int] 
if and onlv if 
m-k-lpn < 00 and 2 nmmkpn = 03. 
n=O n=O 
(2.16) 
To prove this, it is suffices to observe that the function 4(x) is bounded from above and 
below by positive constants on any interval of the form [x0, co) with x0 > 0, so that both (2.6) 
and (2.10) for (2.14) reduce to C~=O=onm-k-l p, < 00, and condition (2.7) for (2.14) reduces 
to C,“==, nm-‘p, = co. 
Theorem 6 is applicable to 
Amx, + ap, (x2 + s) = o, n 2 0, 
where y > 0 and 6 > 0 are constants. 
By Theorem 6 and Theorem 5 in [4] we see that the following result is true. 
THEOREM 7. Consider (2.14) subject to the condition 
0 < c I d(x) I M, 
and let k be an integer satisfying (1.5). Then, equation (2.14) h as a positive solution in Ek[int] 
if and only if (2.16) holds. 
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